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Abstract. The natural bundle π : E → M of almost-complex struc-
tures is considered. The action of the pseudogroup of all diffeomor-
phisms of M on the total space E is investigated. A nontrivial 1-st
order differential invariant of this action is constructed. It is proved
that the Nijenhuise tensor of an almost-complex structures is equal to
zero iff the constructed invariant for this structure is zero.

1. Introduction

It is well known that structure functions of G–structures and their pro-
longations are differential invariants of corresponding geometric structures,
see [7]. However it is inconvenient to use these invariants in some cases to
investigate the equivalence problem of geometric structures. Very often it
is more suitable to make use of differential invariants defined in jet bundles
of the natural bundle of a considering geometric structure. Therefore it
seems natural to construct differential invariants like structure functions of
G–structures directly on jet bundles of natural bundles of geometric struc-
tures. We do it by example of the natural bundle of ordinary differential
equations y′′ = a3(x, y)y′ 3 + a2(x, y)y′ 2 + a1(x, y)y′ + a0(x, y) in [8] and
[9]. In this paper, we construct a differential invariant like the structure
function of G–structure directly on the 1-jet bundle of the natural bundle
of almost–complex structures.

By π : E → M we denote the natural bundle of all almost-complex
structures on the manifold M and by Γ we denote the pseudogroup of all
diffeomorphisms of M . Every diffeomorphism f ∈ Γ is lifted in the natural
way to the diffeomorphism f (k) of the bundle Jkπ of all k–jets of all sections
of π, k = 0, 1, 2, . . . . Thus the pseudogroup Γ acts by its lifted diffeomor-
phisms on every Jkπ. Invariants of this action are differential invariants (of
order k) of the action of Γ on π.

The constructed invariant is a differential invariant of 1-st order of this
action. It is the function χ on J1π with values in Spencer cohomology
groups:

χ : j1
pS 7−→ χ(j1

pS) ∈ H0,2(gS(p)) ∀ j1
pS ∈ J1π ,

where S is a section of π, j1
pS is its 1–jet at p ∈ M , and H0,2(gS(p)) is the

Spencer cohomology group generated by the isotropy algebra gS(p) of the
almost–complex structure S(p) on the tangent spase TpM to M at p.
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Further, we choose the natural representative ωj1
pS in every class χ(j1

pS).
As a result, we obtain the differential invariant

ω : j1
pS 7−→ ωj1

pS ∈ TpM ⊗ (∧2T ∗
p M) .

Every section S of π generates the section j1S : p 7→ j1
pS , ∀ p ∈ M of the

bundle J1π. The restriction ω|j1S of ω to the image of j1S can be considered
as an invariant vector–valued 2–form on M . We prove that the Nijenhuise
tensor of the almost-complex structures S is equal to zero iff the ω|j1S is
zero.

All manifolds and maps are smooth in this work. By jk
pf denote the k–jet

of the map f at the point p, k = 0, 1, 2, . . .. We assume summation over
repeated indexes in all formulas.

2. The natural bundle of almost-complex structures

2.1. The bundle of tensors of type (1, 1). Let M be a 2n – dimensional
smooth manifold. Consider the natural bundle

τ : TM ⊗ T ∗M −→ M

of all tensors of type (1, 1) over M . By

τk : Jkτ −→ M

denote the bundle of k–jets of sections of τ , k = 1, 2, . . . A local chart(
U, (x1, . . . , x2n)

)
of M generates in the obvious way the local chart in Jkτ(

τ−1
k (U), (xi, ui

j , ui
j,j1

, . . . , ui
j,j1...jk

)
)
, where i, j, j1, . . . , jk = 1, . . . , 2n. We

say that the coordinates of this chart are standard coordinates of Jkτ .
Let f be a diffeomorphism of M . It is naturally lifted to the diffeo-

morphism f (0) of the total space of τ . In a standard coordinates, f (0) is
described in the following way. Suppose f is described in coordinates of M
by the equations

x̃i = f i(x1, . . . , x2n) .

Then f (0) is described in the standard coordinates by the formulas

x̃i = f i(x1, . . . , x2n) ,

ũi
j = f i

r(x) ur
s gs

j

(
f(x)

)
,

(1)

where x = (x1, . . . , x2n), f i
r = ∂f i/∂xr, g = f−1, and gs

j = ∂gi/∂x̃j . It is
clear that the following diagram is commutative

TM ⊗ T ∗M
f (0)

−−−−→ TM ⊗ T ∗M

τ

y yτ

M −−−−→
f

M .

Every diffeomorphism f of M is lifted in the natural way to the diffeo-
morphism f (k) of Jkτ . This lifted diffeomorphism is defined by the formula

f (k)( jk
pS ) = jk

f(p)

(
f (0) ◦ S ◦ f−1

)
,

where S is a section of τ , jk
pS is its k–jet at the point p ∈ M .
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The natural projection

τl,m : J lτ −→ Jmτ , l > m ≥ 0 ,

is defined by τl,m(jl
pS) = jm

p S, ∀ jl
pS ∈ J lπ. Obviously, the diagram

J lτ
f (l)

−−−−→ J lτ

τl, m

y yτl, m

Jmτ −−−−→
f (m)

Jmτ

is commutative.
Suppose f and g are diffeomorphisms of M , then obviously,

(f ◦ g)(k) = f (k) ◦ g(k), k = 0, 1, . . .

Let X be a vector field in M and let ft be its flow. Then the lifted flow
f

(0)
t defines the vector field X(0) in the total space of τ , which is called the

lifting of X to the total space of τ . It is clear that

τ∗
(
X(0)

)
= X .

Suppose X is described in coordinates of M by the equation

X = X1(x)
∂

∂x1
+ . . . + X2n(x)

∂

∂x2n
.

Then it follows from (1) that X(0) is described in the standard coordinates
xi, ui

j by the formula

X(0) = Xi(x)
∂

∂xi
+

(
Xi

s(x) us
j − ui

s Xs
j (x)

) ∂

∂ui
j

, (2)

where Xi
j = ∂X i/∂xj .

2.2. The bundle of almost-complex structures. Recall that a section
S of τ is called an almost-complex structures on M if it satisfies to the
equation

S(p)2 = − idTpM , ∀ p ∈ M (3)
where idTpM is the identity map of the tangent space TpM to itself. The
equation (3) defines the subbundle

π = τ |E : E −→ M

of the bundle τ , where

E = { θ ∈ TM ⊗ T ∗M | θ2 = − idTpM , p = τ(θ) } .

It is clear that the set of all section of π is the set of all almost-complex
structures on M .

It is easy to check that for every diffeomorphism f of M , its lifted dif-
feomorphism f (0) transforms the total space E of π to itself. Hence every
diffeomorphism f of M is naturally lifted to diffeomorphism f (0)|E of the
total space of π. Thus π is a natural bundle.

It is clear that for every vector field X in M , its lifted vector field X(0) is
tangent to the submanifold E.
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By
πk : Jkπ −→ M

denote the bundle of k–jets of sections of π, k = 1, 2, . . . . The natural
projection π1,0 : J1π → E is defined by π1,0(j1

pS) = S(p), ∀ j1
pS ∈ J1π.

It follows from (3) that J1π is described as a submanifold of J1τ in
standard coordinates by the equations

ui
ru

r
j = −δi

j ,

ui
r,ku

r
j + ui

ru
r
j,k = 0 ,

(4)

where δi
j is the Kronecker delta.

By Γ we denote the pseudogroup of all diffeomorphisms of M .
It is clear that for every f ∈ Γ, its lifted diffeomorphism f (k) transforms

submanifold Jkπ ⊂ Jkτ to itself. We will denote the restriction f (k)|Jkπ by
f (k), k = 0, 1, 2, . . . .

Thus the pseudogroup Γ acts on every Jkπ by the lifted transformations.
Invariants of this action are differential invariants (of order k) of the action
of Γ on π.

3. Isotropy algebras and spaces Aθ1

3.1. Isotropy algebras. Let X be a vector field in M and let p be a point
of the domain of X. Then it follows from (2) that for every θ0 ∈ π−1(p), the
value X

(0)
θ0

of the lifted vector field X(0) at θ0 is defined by the 1–jet j1
pX of

X at p.
Let θ0 ∈ J0π and p = π(θ0). Consider all vector fields X on M passing

through p. The isotropy algebra of the point θ0 is defined by the formula

gθ0 =
{

j1
pX

∣∣ X
(0)
θ0

= 0
}

. (5)

From this definition, we have that if j1
pX ∈ gθ0 , then Xp = 0. Suppose

θ0 = (xi, ui
j) in standard coordinates and j1

pX = (Xi, Xi
j) in the coordinates

x1, . . . , x2n in M . Then it follows from (2) that (Xi, Xi
j) ∈ gθ0 iff the

components Xq and Xi
j satisfy the equations

Xi = 0 ,

Xi
ru

r
j − ui

rX
r
j = 0 . (6)

Let us move θ0 by an appropriate lifted diffeomorphism f (0) to θ̃0 ∈ π−1(p)

such that
(
ui

j(θ̃0)
)

=
(

0 −I
I 0

)
, where I is the identity n×n–matrix. From

(6), we get that the algebra gθ̃0
consists of all matrix of the form

(
A B
−B A

)
,

where A and B are an arbitrary n × n–matrixes. Hence dim gθ̃0
= 2n2. It

implies that
dim gθ0 = 2n2 .

The algebra gθ0 can be considered as a subspace of TpM ⊗ T ∗
p M . Indeed,

let ξ : TM → M be the tangent bundle of M , ξ1 : J1ξ → M its bundle of
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1–jets of sections of ξ, and ξ1,0 : J1ξ → TM the natural projection defined
by ξ1,0 : j1

pX 7→ Xp, ∀ j1
pX ∈ J1ξ. Consider the well known exact sequence

0 −→ TpM ⊗ T ∗
p M

µ−→ J1
p ξ

ξ1,0−−→ TpM −→ 0 ,

where µ is the linear map defined for decomposable elements by the formula
µ(Xp⊗dϕ) = j1

p(ϕX), X is a vector field on M , and ϕ is a smooth function
on M such that ϕ(p) = 0. From this sequence, we get that gθ0 ⊂ ker ξ1,0

∼=
TpM ⊗ T ∗

p M . It implies gθ0 ⊂ TpM ⊗ T ∗
p M .

Recall that the subspase of TpM ⊗ (T ∗
p M � T ∗

p M) defined by

g
(1)
θ0

= (gθ0 ⊗ T ∗
p M) ∩

(
TpM ⊗ (T ∗

p M � T ∗
p M)

)
is called the 1-st prolongation of gθ0 . The following Spencer complex is
connected in the natural way with the algebra gθ0

0 −→ g
(1)
θ0

↪→ gθ0 ⊗ T ∗
p M

∂1,1−−→ TpM ⊗ (∧2T ∗
p M) −→ 0 , (7)

here ∂1,1(h)(Xp, Yp) = h(Xp)(Yp)− h(Yp)(Xp), ∀h ∈ gθ0 ⊗ T ∗
p M , ∀Xp, Yp ∈

TpM . By H0,2(gθ0) we denote the cohomology group of this complex at the
term TpM ⊗ ∧2T ∗

p M .

Proposition 3.1. (1) If n = 1, then H0,2(gθ0) is trivial.
(2) If n ≥ 2, then H0,2(gθ0) is not trivial.

Proof. (1) It is easy to calculate that dim g
(1)
θ0

= 2. Taking into account that
dim gθ0 = 2, from (7), we get that H0,2(gθ0) = {0}.

(2) It is clear that the number of linear independent equations in system
(6) is 4n2 − 2n2 = 2n2. It follows that the number of linear independent
equations in the system defining g

(1)
θ0

less or equal 4n2. The number of

unknowns in this system is 4n3 + 2n2. Thus dim g
(1)
θ0

≥ 4n3 + 2n2 − 4n2 =
4n3 − 2n2. Taking into account that dim gθ0 ⊗ T ∗

p M = 4n3, dim TpM ⊗
(∧2T ∗

p M) = 4n3 − 2n2, from (7), we obtain that dim Im ∂1,1 ≤ 2n2 < 4n3 −
2n2. This means that the cohomology group H0,2(gθ0) is not trivial. �

3.2. Spaces Aθ1. Let θ1 ∈ J1π, p = π1(θ1), and S be a section of π such
that j1

pS = θ1. By Kθ1 we denote the tangent space to the image of the
section S at the point θ0 = S(p). Obviously, this space is independent of the
choice of a section of π realizing the jet θ1. This means that θ1 is identified in
the natural way with the horizontal subspace Kθ1 . In standard coordinates,
Kθ1 is described in the following way. Suppose θ1 = (xq, ui

j , ui
j,k ). Then

Kθ1 = 〈 ∂

∂x1
+ ui

j,1

∂

∂ui
j

, . . . ,
∂

∂x2n
+ ui

j,2n

∂

∂ui
j

〉.

Let f be a (local) diffeomorphism of M . Then it is obvious that if θ1 belongs
to the domain of f (1), then

f
(0)
∗ (Kθ1) = Kf (1)(θ1) . (8)
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Let Vθ0 be the tangent space to the fiber τ−1(p) at the point θ0. Clearly
that in standard coordinates, Vθ0 is spanned by all vectors ∂/∂ui

j , that is

Vθ0 = 〈 ∂

∂u1
1

, . . . ,
∂

∂u2n
2n

〉.

Obviously, we have the following direct sum decomposition

Tθ0J
0τ = Kθ1 ⊕ Vθ0 .

Consider all vector fields X in M passing through the point p. Introduce
a subspace Aθ1 of vector space of 1–jets at p of these vector fields by the
formula

Aθ1 =
{

j1
pX

∣∣ X
(0)
θ0

∈ Kθ1

}
. (9)

From (2), we get that (Xq, Xi
j) ∈ Aθ1 iff the components Xq and Xi

j satisfy
the equations

−ui
j,r Xr + Xi

r ur
j − ui

r Xr
j = 0 , (10)

where the coordinates ui
j and ui

j,r satisfy equations (4).
Let f be a diffeomorphism of M and let p be a point of the domain of f .

The tangent map f∗ : TpM → Tf(p)M generates the map

j2
pf : J1

p ξ −→ J1
f(p)ξ , j2

pf : j1
pX 7→ j1

f(p)

(
f∗(X)

)
.

Proposition 3.2. Let θ1 be a point of the domain of f (1). Then

j2
pf(Aθ1) = Af (1)(θ1) . (11)

Proof. Let j1
pX ∈ Aθ1 . This means that X

(0)
θ0

∈ Kθ1 , where θ0 = π1,0(θ1).

From (8), we get f
(0)
∗ (X(0)

θ0
) ∈ Kf (1)(θ1). From f

(0)
∗ (X(0)

θ0
) = (f∗X)(0)

f (0)(θ0)
, we

get j1
f(p)

(
f∗(X)

)
∈ Af (1)(θ1). By the definition j2

pf(j1
pX) = j1

f(p)

(
f∗(X)

)
. �

3.3. Horizontal subspaces. From definitions (5) and (9) we get

gθ0 ⊂ Aθ1 . (12)

From definition of Aθ1 , we get that

ξ1,0(Aθ1) = TpM . (13)

In addition,
ker ξ1,0|Aθ1

= gθ0 .

We say that a 2n–dimensional subspace H of Aθ1 is horizontal if the
natural projection

ξ1,0

∣∣
H

: H −→ TpM, ξ1,0 : j1
pX 7→ Xp,

is an isomorphism. From (10), we obtain that there are horizontal subspaces
in the space Aθ1 .

Let H be a horizontal subspace of Aθ1 , then obviously

Aθ1 = H ⊕ gθ0 .

Any two horizontal subspaces H and H̃ of Aθ1 define the linear map

fH,H̃ : TpM → gθ0 , fH,H̃ : X 7→ (ξ1,0|H)−1(X)− (ξ1,0|H̃)−1(X) .
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Let H ⊂ Aθ1 be a horizontal subspace and let f : TpM → gθ0 be a linear
map. Then there exist a unique horizontal subspace H̃ ⊂ Aθ1 such that
f = fH,H̃ . This subspace is spanned by the 1–jets (ξ1,0|H)−1(X) − f(X),
X ∈ TpM .

Let f be a diffeomorphism of M such that θ1 belongs to the domain of
f (1). Then obviously, we have

Proposition 3.3. Let H be a horizontal subspace of Aθk+1
. Then j2

pf(H)
is a horizontal subspace of Af (1)(θ1).

4. Differential invariants

In this section, we find a differential invariant of order 1 of the action
of Γ on π. For n = 1, this invariant is trivial; for n > 1, this invariant is
nontrivial. Finally, we compare the founded invariant with the Nijenhuise
tensor.

4.1. The structure function. Let p ∈ M . Consider the vector space J1
p ξ

of 1–jets at p of all vector fields in M passing through p and the bilinear
map

[ · , · ] : J1
p ξ × J1

p ξ −→ TpM , [j1
pX, j1

pY ] = [X, Y ]p ,

where [X, Y ]p is the value at the point p of the bracket of the vector fields
X and Y .

Every horizontal subspace H ⊂ Aθ1 generates the exterior 2–form ωH on
TpM with values in TpM by the formula

ωH(Xp, Yp) = [ (ξ1,0

∣∣
H

)−1(Xp), (ξ1,0

∣∣
H

)−1(Yp) ] , ∀Xp, Yp ∈ TpM. (14)

Let θ0 = π1,0(θ1). The form ωH defines the element

χ(θ1) = ωH + ∂1,1(gθ0 ⊗ T ∗
p M) .

of the cohomology goup H0,2(gθ0) = TpM ⊗ ∧2T ∗
p M/∂1,1(gθ0 ⊗ T ∗

p M) (see
(7)).

Proposition 4.1. The class χ(θ1) is independent of the choice of a hori-
zontal subspace H in Aθ1.

Proof. Suppose H and H̃ are horizontal subspaces of Aθ1 . Then in coor-
dinates, we have H = { (Xi, hi

j,rX
r) } and H̃ = { (Xi, h̃i

j,rX
r) }. Hence

ωH((Xp, Yp)) = XrY s(hi
r,s − hi

s,r) and ωH̃((Xp, Yp)) = XrY s(h̃i
r,s − h̃i

s,r).
Taking into account that (hi

j,r−h̃i
j,r) ∈ gθ0⊗T ∗

p M , we obtain that ωH−ωH̃ ∈
∂1,1(gθ0 ⊗ T ∗

p M). �

Let f be a point transformation of the base of π such that θ1 belongs to
the domain of f (1). From propositions 3.2 and 3.3, we obviously get that

f∗
(
ωH(Xp, Yp)

)
= ωj2

pf(H)

(
f∗(Xp), f∗(Yp)

)
, ∀Xp, Yp ∈ Tp . (15)

Hence the element χ(θ1) is defined by θ1 in the natural way. Thus we obtain

Proposition 4.2. The field

χ : θ1 7−→ χ(θ1)

on J1π is a 1-st order differential invariant of the action of Γ on π.
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4.2. The natural complement. In this section for n > 1, we find a natural
complementation to the space ∂1,1(gθ0⊗T ∗

p M) in the space TpM⊗(∧2T ∗
p M).

Let θ0 be a point of J0π = E ⊂ TM ⊗ T ∗M and p = π(θ0). Then θ0

generates the linear map

θ̂0 : TpM ⊗ T ∗
p M −→ TpM ⊗ T ∗

p M , θ̂0 : X 7→ Xθ0 − θ0X .

Obviously
ker θ̂0 = gθ0 .

Lemma 4.3.
ker θ̂0 ∩ Im θ̂0 = {0}

Proof. Suppose X ∈ ker θ̂0 ∩ Im θ̂0. Then Xθ0 − θ0X = 0 and there is
Y ∈ TM ⊗ T ∗M such that X = Y θ0 − θ0Y . It follows 0 = (Y θ0 − θ0Y )θ0 −
θ0(Y θ0−θ0Y ) = −2(Y +θ0Y θ0). Hence Y = −θ0Y θ0. Therefore θ0Y = Y θ0,
that is Y ∈ ker θ̂0. This means that X = 0. �

From this lemma, we get the direct sum decomposition

TpM ⊗ T ∗
p M = gθ0 ⊕ Im θ̂0 . (16)

Thus every X ∈ TpM ⊗ T ∗
p M can be uniquely decomposed in following way

X =
1
2
(X − θ0Xθ0) +

1
2
(X + θ0Xθ0) , (17)

where (1/2)(X − θ0Xθ0) ∈ gθ0 and (1/2)(X + θ0Xθ0) ∈ Im θ̂0.

Lemma 4.4. Let f be a local diffeomorphism of M defined in a neighborhood
of p. Then

Im ̂f (0)(θ0) = f (0)(Im θ̂0) and ker ̂f (0)(θ0) = f (0)(ker θ̂0)

Proof. We have f (0)
(
θ̂0(X)

)
= f (0)(Xθ0) − f (0)(θ0X) = f (0)(X)f (0)(θ0) −

f (0)(θ0)f (0)(X) = ̂f (0)(θ0)
(
f (0)(X)

)
. This proves the first equality. Let

X ∈ ker θ̂0. Then ̂f (0)(θ0)
(
f (0)(X)

)
= f (0)(X)f (0)(θ0)− f (0)(θ0)f (0)(X)

= f (0)
(
θ̂0(X)

)
= 0. This proves the second equality. �

This lemma means that θ0 generates direct sum decomposition (16) in
the natural way.

Consider the Spencer complex, see (7), generated by the algebra TpM ⊗
T ∗

p M

0 −→ TpM ⊗ (�2T ∗
p M) ↪→

↪→ (TpM ⊗ T ∗
p M)⊗ T ∗

p M
∂1,1−−→ TpM ⊗ (∧2T ∗

p M) −→ 0 . (18)

It is easy to calculate that dim TpM ⊗ (�2T ∗
p M) = 4n3 + 2n2, dim(TpM ⊗

T ∗
p M)⊗T ∗

p M = 8n3, and dim TpM ⊗ (∧2T ∗
p M) = 4n3− 2n2. It follows that

∂1,1

(
(TpM ⊗ T ∗

p M)⊗ T ∗
p M

)
= TpM ⊗ ∧2T ∗

p M . (19)

From (16), we get the following natural decomposition

(TpM ⊗ T ∗
p M)⊗ T ∗

p M = (gθ0 ⊗ T ∗
p M)⊕ (Im θ̂0 ⊗ T ∗

p M) . (20)
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Lemma 4.5.

∂1,1(gθ0 ⊗ T ∗
p M) ∩ ∂1,1(Im θ̂0 ⊗ T ∗

p M) = {0}

Proof. Suppose Z ∈ ∂1,1(gθ0 ⊗ T ∗
p M) ∩ ∂1,1(Im θ̂0 ⊗ T ∗

p M). Then there are
X ∈ gθ0 ⊗ T ∗

p M and Y ∈ Im θ̂0 ⊗ T ∗
p M so that ∂1,1(X) = ∂1,1(Y ) = Z, that

is ∂1,1(X − Y ) = 0. From (18), this means that X − Y ∈ TpM ⊗ (�2T ∗
p M).

Taking into account (16), we get

TpM⊗(�2T ∗
p M) = (TpM⊗T ∗

p M)(1) = (gθ0⊕Im θ̂0)(1) = (gθ0)
(1)⊕(Im θ̂0)(1)

Hence there are X1 ∈ (gθ0)
(1) and Y1 ∈ (Im θ̂0)(1) so that X − Y = X1 + Y1,

that is X − X1 = Y − Y1. Taking into account that X − X1, Y − Y1 ∈
(TpM ⊗T ∗

p M)⊗T ∗
p M , Im(X−X1) ⊂ gθ0 , Im(Y −Y1) ⊂ Im θ̂0, and (16), we

obtain that X −X1 = Y − Y1 = 0, that is X = X1 and Y = Y1. It follows
Z = ∂1,1(X1) = ∂1,1(Y1) = 0. This completes the prove. �

Now from (20), (19), and this lemma, we get the following natural de-
composition

TpM ⊗ (∧2T ∗
p M) = ∂1,1(gθ0 ⊗ T ∗

p M)⊕ ∂1,1(Im θ̂0 ⊗ T ∗
p M) . (21)

4.3. The invariant 2–form. From (21), we get that for every θ1 ∈ J1π,
there exists a unique representative ωθ1 ∈ χ(θ1) such that

ωθ1 ∈ ∂1,1(Im θ̂0 ⊗ T ∗
p M) .

It follows from state above

Proposition 4.6. The field of 2–forms

ω : θ1 7−→ ωθ1

on J1π is a 1-st order differential invariant of the action of Γ on π.

Let us calculate ω in standard coordinates. Suppose θ1 = (xq, ui
j , ui

j,r).
Then from (10), we get that a horizontal subspace H = { (Xi, hi

j,rX
r) } of

Aθ1 is described by the equation

−ui
j,k + hi

r,k ur
j − ui

r hr
j,k = 0 . (22)

We have that (hi
j,r) ∈ (TpM ⊗T ∗

p M)⊗T ∗
p M . From (17) and (20), we obtain

that the natural projection of (hi
j,r) on Im θ̂0 ⊗ T ∗

p M along gθ0 ⊗ T ∗
p M is

1
2(hi

j,k + ui
sh

s
r,ku

r
j). From (22), we get that 1

2(hi
j,k + ui

sh
s
r,ku

r
j) = −1

2ui
r,ku

r
j .

Therefore ∂1,1

(
(−1

2ui
r,ku

r
j)

)
= 1

2(−ui
r,ku

r
j + ui

r,ju
r
k). Thus in standard coor-

dinates
ω =

1
2
(ui

r,ju
r
k − ui

r,ku
r
j)

∂

∂xi
⊗ (dxj ∧ dxk) . (23)

Let S be a section of π. It generates the section j1S of the bundle π1 by
the formula

j1S : p 7→ j1
pS , ∀ p ∈ M .

By ω|j1S we denote the restriction of ω to the image of j1S. This restriction
can be considered as an invariant vector–valued 2–form on M . From (23),
we get that

(ω|j1S)i
jk =

1
2
(Si

r,j Sr
k − Si

r,k Sr
j ) , (24)
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where Si
j,k = ∂Si

j/∂xk. By N we denote the Nijenhuise tensor of the almost–
complex structure S. Recall, see [3], that

N i
jk = 2(Si

k,r Sr
j − Si

j,r Sr
k − Sr

k,j Si
r + Sr

j,k Si
r) . (25)

Theorem 4.7.
N = 0 iff ω|j1S = 0 .

Proof. Let p be an arbitrary point of the domain of S.
Suppose N = 0. Then in a neighborhood of p, there exist local coordinates

x1, . . . , x2n so that S(x1, . . . , x2n) =
(

0 −I
I 0

)
, see [5]. Now by (24), we get

that ω|j1S = 0.
Let ω|j1S = 0. Check local coordinates in a a neighborhood of p such that

S(p) =
(

0 −I
I 0

)
. This means that

Si
j(p) =


−1 if i + j = 2n + 1 and i ≤ n ,

1 if i + j = 2n + 1 and i ≥ n + 1 ,

0 if i + j 6= 2n + 1 .

It follows from (25) that

N i
jk(p) = 2(Si

k,2n+1−jS
2n+1−j
j − Si

j,2n+1−kS
2n+1−k
k

− S2n+1−i
k,j Si

2n+1−i + S2n+1−i
j,k Si

2n+1−i) ,

where there is no summation over repeated indexes of the form 2n + 1− s.
Show that the term 2(Si

k,2n+1−jS
2n+1−j
j −Si

j,2n+1−kS
2n+1−k
k ) of N i

jk(p) is
zero. From (24), we get

(ω|j1S)i
2n+1−j 2n+1−k(p) =

1
2
(Si

k,2n+1−jS
k
2n+1−k − Si

j,2n+1−kS
j
2n+1−j)

= −1
2
(Si

k,2n+1−jS
2n+1−k
k − Si

j,2n+1−kS
2n+1−j
j )

We have that either S2n+1−k
k = S2n+1−j

j or S2n+1−k
k = −S2n+1−j

j . It follows
that the considered term of N i

jk(p) is equal to ±4(ω|j1S)i
2n+1−j 2n+1−k(p).

This means that this term of N i
jk(p) is equal to zero.

Show that the last term 2
(
(S2n+1−i

j,k −S2n+1−i
k,j )Si

2n+1−i

)
of N i

jk(p) is zero.
From (24), we get

(ω|j1S)2n+1−i
j k (p) =

1
2
(S2n+1−i

2n+1−k,jS
2n+1−k
k − S2n+1−i

2n+1−j,kS
2n+1−j
j )

=
1
2
(S2n+1−i

r,j Sr
k − S2n+1−i

r,k Sr
j ) ,

where there is summation over the repeated index r. Taking into account
(4), we obtain

1
2
(S2n+1−i

r,j Sr
k − S2n+1−i

r,k Sr
j ) = −1

2
(S2n+1−i

r Sr
k,j − S2n+1−i

r Sr
j,k)

= −1
2
(S2n+1−i

i Si
k,j − S2n+1−i

i Si
j,k) = −1

2
(Si

k,j − Si
j,k)S

2n+1−i
i
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Therefore Si
k,j − Si

j,k = 0 for all i, j, k. It follows that the second considered
term of N i

jk(p) is equal to zero. �
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