ON THE OBSTRUCTION TO INTEGRABILITY OF
ALMOST-COMPLEX STRUCTURES

VALERIY A. YUMAGUZHIN

ABSTRACT. The natural bundle 7 : £ — M of almost-complex struc-
tures is considered. The action of the pseudogroup of all diffeomor-
phisms of M on the total space FE is investigated. A nontrivial 1-st
order differential invariant of this action is constructed. It is proved
that the Nijenhuise tensor of an almost-complex structures is equal to
zero iff the constructed invariant for this structure is zero.

1. INTRODUCTION

It is well known that structure functions of G—structures and their pro-
longations are differential invariants of corresponding geometric structures,
see [7]. However it is inconvenient to use these invariants in some cases to
investigate the equivalence problem of geometric structures. Very often it
is more suitable to make use of differential invariants defined in jet bundles
of the natural bundle of a considering geometric structure. Therefore it
seems natural to construct differential invariants like structure functions of
G—structures directly on jet bundles of natural bundles of geometric struc-
tures. We do it by example of the natural bundle of ordinary differential
equations y" = a3(x,y)y'3 + a®(z,y)y'? + a'(z,y)y + a®(z,y) in [8] and
[9]. In this paper, we construct a differential invariant like the structure
function of G-structure directly on the 1-jet bundle of the natural bundle
of almost—complex structures.

By m : E — M we denote the natural bundle of all almost-complex
structures on the manifold M and by I' we denote the pseudogroup of all
diffeomorphisms of M. Every diffeomorphism f € I is lifted in the natural
way to the diffeomorphism f®*) of the bundle J*7 of all k—jets of all sections
of m, k =0,1,2,... . Thus the pseudogroup I' acts by its lifted diffeomor-
phisms on every J*r. Invariants of this action are differential invariants (of
order k) of the action of I" on .

The constructed invariant is a differential invariant of 1-st order of this
action. It is the function x on J'7 with values in Spencer cohomology
groups:

X 2 3pS > x(5p8) € H*(gsp))  VjpS € J'm,
where S is a section of T, j;S is its 1-jet at p € M, and Ho’z(gs(p)) is the
Spencer cohomology group generated by the isotropy algebra gg(,) of the
almost—complex structure S(p) on the tangent spase T, M to M at p.

Date: 11 January 2008.
1991 Mathematics Subject Classification. 53C15, 53A55, 53C10.
Key words and phrases. Almost-complex structure, differential invariant, equivalence
problem, integrability problem, Nijenhuise tensor.
1



2 V.A. YUMAGUZHIN

Further, we choose the natural representative wis in every class x( j;S).
As a result, we obtain the differential invariant

w:j;S|—>wj;S ETpM®(/\2T;M).

Every section S of 7w generates the section j1.5 : p — j;S ,Vp € M of the
bundle J'7. The restriction w| j15 of w to the image of j1.5 can be considered
as an invariant vector—valued 2—form on M. We prove that the Nijenhuise
tensor of the almost-complex structures S is equal to zero iff the wl; g is
Zero.

All manifolds and maps are smooth in this work. By j{; f denote the k—jet
of the map f at the point p, k = 0,1,2,.... We assume summation over
repeated indexes in all formulas.

2. THE NATURAL BUNDLE OF ALMOST-COMPLEX STRUCTURES

2.1. The bundle of tensors of type (1,1). Let M be a 2n — dimensional
smooth manifold. Consider the natural bundle

T:TMQT*M — M
of all tensors of type (1, 1) over M. By
Ty Jr — M

denote the bundle of k—jets of sections of 7, & = 1,2,... A local chart

(U, (z!,... ,:L“Q")) of M generates in the obvious way the local chart in J*7
(Tk_l(U), (', g, uj gy -y u;jl_..jk)), where 7,7, j1,...,5k = 1,...,2n. We

say that the coordinates of this chart are standard coordinates of J*.

Let f be a diffeomorphism of M. It is naturally lifted to the diffeo-
morphism f(©) of the total space of 7. In a standard coordinates, f(© is
described in the following way. Suppose f is described in coordinates of M
by the equations

= fi(zt, ... ™).
Then f(© is described in the standard coordinates by the formulas
‘%l = fi(m17"'?x2n)7

o 1
iy = fr(@)ugg;(f(2)) W

where z = (2!,... 2%, fi = 0f1/0z", g = f~!, and g; = dg'/0%7. Tt is
clear that the following diagram is commutative

(0)
TM@TM - TM o T*M
Tl f

Every diffeomorphism f of M is lifted in the natural way to the diffeo-
morphism f*) of J¥7. This lifted diffeomorphism is defined by the formula
FOGES) = 3 (FPoSor ),

where S is a section of T, jf,fS is its k—jet at the point p € M.
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The natural projection
Tz,miJlT—>JmT, I>m>0,
is defined by Tl’m(jéS) = Jp'S, Vjé,S € J'w. Obviously, the diagram

)
Jhr —»f Jhr

Tl,mJ/ J/Tl, m

Jr —— JMr
fm)

is commutative.
Suppose f and g are diffeomorphisms of M, then obviously,
(fog)™ =f®og® k=01,

Let X be a vector field in M and let f; be its flow. Then the lifted flow

ft(o) defines the vector field X(© in the total space of 7, which is called the
lifting of X to the total space of T. 1t is clear that

. (X?) =X.
Suppose X is described in coordinates of M by the equation
0
1 2n

Then it follows from (1) that X () is described in the standard coordinates
z',us by the formula

X@=X%m;i
X

+ (X;(CC) ui — u' X;(w))

— 2
hur @

where X]i- =0X"/0x7.

2.2. The bundle of almost-complex structures. Recall that a section
S of 7 is called an almost-complex structures on M if it satisfies to the
equation

S(p)? = —idr,m, VpeM (3)
where id 7,57 is the identity map of the tangent space T, M to itself. The
equation (3) defines the subbundle

T=71lp:E— M
of the bundle 7, where
E={0eTM®T*M|0*=—idgp,nm, p=T1(0)}.

It is clear that the set of all section of 7 is the set of all almost-complex
structures on M.

It is easy to check that for every diffeomorphism f of M, its lifted dif-
feomorphism f(©) transforms the total space E of 7 to itself. Hence every
diffeomorphism f of M is naturally lifted to diffeomorphism |z of the
total space of w. Thus 7 is a natural bundle.

It is clear that for every vector field X in M, its lifted vector field X (©) is
tangent to the submanifold FE.
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By
Ty - Jr — M
denote the bundle of k—jets of sections of w, £k = 1,2,.... The natural
projection o : Jimr — E is defined by leo(j;S) = S(p), Vj;S € Jin.
It follows from (3) that J'z is described as a submanifold of J'7 in
standard coordinates by the equations

eV B I (4)

where 6; is the Kronecker delta.

By I' we denote the pseudogroup of all diffeomorphisms of M.

It is clear that for every f € T, its lifted diffeomorphism f*) transforms
submanifold J¥w C J¥7 to itself. We will denote the restriction f*| . by
R k=0,1,2,....

Thus the pseudogroup I' acts on every J*m by the lifted transformations.
Invariants of this action are differential invariants (of order k) of the action
of I' on 7.

3. ISOTROPY ALGEBRAS AND SPACES Ap,

3.1. Isotropy algebras. Let X be a vector field in M and let p be a point
of the domain of X. Then it follows from (2) that for every 6y € 7~1(p), the
value X(gg) of the lifted vector field X(©) at 6 is defined by the 1-jet j;X of
X at p.

Let 6 € J°7 and p = 7(6p). Consider all vector fields X on M passing
through p. The isotropy algebra of the point 6y is defined by the formula

900 = {JLX | X0 =0} (5)

From this definition, we have that if j;X € go,, then X;, = 0. Suppose
0o = (o, u;) in standard coordinates and jj X = (X", X;) in the coordinates
', ..., 2® in M. Then it follows from (2) that (X X;) € gp, iff the

components X9 and X; satisfy the equations

Xi=0,

Xpui —u, X7 =0. (6)
Let us move 6y by an appropriate lifted diffeomorphism f© to 6, € 7 1(p)

such that (ué(éo)) = (? _OI> , where I is the identity n x n—matrix. From

-B A
where A and B are an arbitrary n x n—matrixes. Hence dim 95, = 2n2. It
implies that

(6), we get that the algebra 94, consists of all matrix of the form < A B> ,

dim gg, = 2n?.

The algebra gg, can be considered as a subspace of T, M @ Ty M. Indeed,
let £ : TM — M be the tangent bundle of M, & : J'¢ — M its bundle of
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1-jets of sections of &, and & : J'¢ — TM the natural projection defined
by &1 : jzl)X — Xp, ijl)X € J'¢. Consider the well known exact sequence
T,M @ TEM 2 Jie 22 1M
0—T,M® » = pr —— T,M — 0,
where (4 is the linear map defined for decomposable elements by the formula
w(X, ®@dp) = j; (pX), X is a vector field on M, and ¢ is a smooth function
on M such that ¢(p) = 0. From this sequence, we get that gg, C ker&; g =
T,M ® Ty M. It implies gg, C Tp,M @ Ty M.
Recall that the subspase of T,M @ (T; M © T; M) defined by

1 * % *
g§0> = (go, @ T, M) N (T,M @ (TXM © T, M)

is called the 1-st prolongation of gp,. The following Spencer complex is
connected in the natural way with the algebra gg,

1o
0 — gst) < g ® TFM =5 T,M @ (2T M) — 0, (7)

here 9,1 (h)(Xp, Yp) = h(X,)(Yy) = h(Y,)(Xp), Yh € gy © TEM, ¥ X, Yy €
T,M. By H%2(gy,) we denote the cohomology group of this complex at the
term T, M © N*T; M.

Proposition 3.1. (1) If n =1, then H%?(gy,) is trivial.
(2) If n > 2, then H%?(gy,) is not trivial.

Proof. (1) It is easy to calculate that dim géi) = 2. Taking into account that

dim gy, = 2, from (7), we get that H%2(gg,) = {0}.
(2) It is clear that the number of linear independent equations in system
(6) is 4n? — 2n? = 2n%. It follows that the number of linear independent

equations in the system defining g(gcl)) less or equal 4n?. The number of

unknowns in this system is 4n3 4+ 2n?. Thus dim gé(l)) > 4n3 +2n? — 4n? =
4n® — 2n2. Taking into account that dim 9o, @ TyM = 4n3, dim oM ®
(A2TM) = 4n® — 2n?, from (7), we obtain that dimIm 811 < 2n* < 4n® —

2n2. This means that the cohomology group H%?(gg,) is not trivial. (|

3.2. Spaces Ap,. Let 6; € Jlm, p = m (1), and S be a section of 7 such
that j;S = 01. By Xy, we denote the tangent space to the image of the
section S at the point 6y = S(p). Obviously, this space is independent of the
choice of a section of 7 realizing the jet 61. This means that 6 is identified in
the natural way with the horizontal subspace XKy,. In standard coordinates,
Ko, is described in the following way. Suppose 61 = (29, uz., u;k, ). Then

Ko (D g DD 0
0T et T gyt gatn T gyt )

Let f be a (local) diffeomorphism of M. Then it is obvious that if 6; belongs
to the domain of f(!), then

F2(%Ko,) = K0y - 8)
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Let Vp, be the tangent space to the fiber 771(p) at the point 6y. Clearly
that in standard coordinates, Vp, is spanned by all vectors 0/ Guz-, that is
0 0 >
dul’ T B
Obviously, we have the following direct sum decomposition
T@OJOT = iKgl (o) Vgo .

Consider all vector fields X in M passing through the point p. Introduce
a subspace Ay, of vector space of 1-jets at p of these vector fields by the
formula

V90:<

Aoy = { 32X | XV € %, }. 9)
From (2), we get that (X9, XJ’) € Ay, iff the components X9 and Xj’: satisfy
the equations

—u;‘-’TXr—i—Xf;u;—uiX;:O, (10)
where the coordinates u; and uér satisfy equations (4).

Let f be a diffeomorphism of M and let p be a point of the domain of f.
The tangent map f : T, M — Ty, M generates the map

ol o Jyé — Tpmés dnf ipX = i (fo(X))
Proposition 3.2. Let 6, be a point of the domain of f). Then
Jpf(Aey) = Az, - (11)
Proof. Let j;X € Ap,. This means that X(gg) € Ky,, where §y = m19(61).
From (8), we get f\”(X§.)) € K ;) g,. From fL7(X ) = ( f*X);%) ooy W
get j}(p) (f*(X)) € A1) (p,)- By the definition jgf(j;X) = j}(p) (f*(X)) O

3.3. Horizontal subspaces. From definitions (5) and (9) we get

96, C Ap, - (12)
From definition of Ay, , we get that
&1.0(Ag,) = TpM . (13)
In addition,
ker&1,0l4y, = 96,

We say that a 2n-dimensional subspace H of Ay, is horizontal if the
natural projection

5170‘HZ H — TpM, 5170 ];X — Xp,

is an isomorphism. From (10), we obtain that there are horizontal subspaces
in the space Ay, .
Let H be a horizontal subspace of Ay, , then obviously

.Ael =Ho 90, -
Any two horizontal subspaces H and H of Ap, define the linear map
Fug ToM = goy s T X = (Enolm) ™ (X) = (ol ) ~H(X).
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Let H C Ag, be a horizontal subspace and let f : T,M — gg, be a linear

map. Then there exist a unique horizontal subspace H C Ay, such that
[ = fg - This subspace is spanned by the 1-jets (E10lm)~H(X) — f(X),
X eT,M.

Let f be a diffeomorphism of M such that 6; belongs to the domain of
fO) . Then obviously, we have

Proposition 3.3. Let H be a horizontal subspace of Ay, . Then jgf(H)
18 a horizontal subspace of Af(1)(91).

4. DIFFERENTIAL INVARIANTS

In this section, we find a differential invariant of order 1 of the action
of I" on w. For n = 1, this invariant is trivial; for n > 1, this invariant is
nontrivial. Finally, we compare the founded invariant with the Nijenhuise
tensor.

4.1. The structure function. Let p € M. Consider the vector space Jgﬁ
of 1-jets at p of all vector fields in M passing through p and the bilinear
map
[ ] R x Ty — TM - [jpX, Y] = (X, Y]y,

where [X, Y], is the value at the point p of the bracket of the vector fields
X and Y.

Every horizontal subspace H C Ay, generates the exterior 2-form wy on
T,M with values in T,,M by the formula

wi(Xp, Yp) = [(€10l ) 7 (X0), Grol )T ()], VXY, € M. (14)
Let 6y = m1,0(61). The form wy defines the element

x(01) =wn + O11(90, ® Ty M).

of the cohomology goup H*?(gg,) = T,M @ N*T;yM /01 1(ge, ® Ty M) (see
(7))
Proposition 4.1. The class x(61) is independent of the choice of a hori-
zontal subspace H in Ay, .

Proof. Suppose H and H are horizontal subspaces of Ap,. Then in coor-
dinates, we have H = {'(XZ', h';'»’rXT)} and H = {(X¢, h;TXi)} Hﬁn%
wi (Xp, Yp)) = XY (g5 — hig,) and wi((Xp,Yp)) = X"Y3(hy s — hi ).
Taking into account that (h;'-,r _h;',r) € gg, ®T; M, we obtain that wy —wp €
81,1(990 ®T;M). O

Let f be a point transformation of the base of 7 such that #; belongs to
the domain of f(!). From propositions 3.2 and 3.3, we obviously get that

Js (WH(XpaY}J)) = Wiz f(H) (f*(Xp)vf*(Yp)) ;o VXp,YpeT,. (15)
Hence the element x(6;) is defined by 6; in the natural way. Thus we obtain
Proposition 4.2. The field

X 16— x(6h)

on Jim is a 1-st order differential invariant of the action of T on .
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4.2. The natural complement. In this section for n > 1, we find a natural
complementation to the space 01 1(gg, @1, M) in the space T,M ® (/\QT;M).

Let 0y be a point of J%7 = E ¢ TM ® T*M and p = 7(6y). Then 6
generates the linear map

Oo: T,M @ T;M — T,M @ T, M, 8 : X — X0 — 6o X .

Obviously
ker 0y = gs, -

Lemma 4.3. R R
ker o NIm Gy = {0}

Proof. Suppose X € ker 50 N Im 50. Then X0 — 6pX = 0 and there is
Y € TM ® T*M such that X =Y, — 6yY. It follows 0 = (Y6 — 6pY )6y —
0o(YOy—60Y) = —2(Y+600Y0y). Hence Y = —6yY 0y. Therefore Y = Y0y,
that is Y € ker 50. This means that X = 0. U

From this lemma, we get the direct sum decomposition
T,M ® T; M = gg, ® Im b . (16)
Thus every X € T)M @ T,y M can be uniquely decomposed in following way

1 1
X = 5(X = 0X0) + 5 (X +60X60), (17)

where (1/2)(X — 00X 00) € gg, and (1/2)(X + 6o X00) € Im .

Lemma 4.4. Let f be a local diffeomorphism of M defined in a neighborhood
of p. Then

Im /O (6g) = f©(Imfy) and  ker fO(8) = O (ker )
Proof. We have f© ( )) = O (X6p) — f(o)(QOX) = f(o)(X)f(O)(GO) -
O ) fO(X) = fO 90)(f( (X)). This proves the first equality. Let

X € ker . Then f(© ( 0) (f (X)) = FOX) fO(b0) — fO(0) fO(X)
= 7O (00( )) = (. This proves the second equality. U

This lemma means that 6y generates direct sum decomposition (16) in
the natural way.

Consider the Spencer complex, see (7), generated by the algebra T,M ®
,M

0— T,M® (&*T; M) —

o (T,M @ T:M) @ T M 225 T,M @ (A2T:M) — 0. (18)

It is easy to calculate that dim 7T, M ® (®2T;M) = 4n3 + 2n?, dim(T,M ®
TyM)®TrM = 8n*, and dim T,M ® (A*T;; M) = 4n® — 2n?. It follows that

1 (TM T M) @ TiM) = T,M @ A>T} M. (19)
From (16), we get the following natural decomposition

(T,M @ TIM) @ Ty M = (goy @ Ty M) @ (Imfg @ TAM) . (20)
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Lemma 4.5.
01,1(g0, © Ty M) N Oy 1 (Imfo ® Ty M) = {0}

Proof. Suppose Z € 01,1(gs, @ Ty M) N Oy 1(Im 670 ® Ty M). Then there are
X € goy @ TrM and Y € Im By ® T M so that 811(X) = 911(Y) = Z, that
is 01,1(X —Y) = 0. From (18), this means that X —Y € T,M ® (&*T; M).
Taking into account (16), we get

T,M®(O*TEM) = (T,M Ty M) = (g5, ®Im Op) V) = (gg,) Y @ (Im b))

Hence there are X € (gg,)™") and Y; € (Im [9\0)(1) so that X —Y = X; + Y1,
that is X — X; = Y — Y;. Taking into account that X — X;,Y — Y] €
(T,M ®T; M)@T; M, Im(X — X1) C ggy, Im(Y — Y1) C Im , and (16), we
obtain that X — X; =Y —Y; =0, that is X = X7 and Y =Y. It follows
Z = 01,1(X1) = 01,1(Y1) = 0. This completes the prove. O

Now from (20), (19), and this lemma, we get the following natural de-
composition

T,M & (N2TM) = d1,1(gg, @ Ty M) ® 011 (Im Oy @ TIM).  (21)

4.3. The invariant 2—form. From (21), we get that for every 6; € J'm,
there exists a unique representative wy, € x(61) such that

we, € O1,1(Imfy @ Ty M) .
It follows from state above

Proposition 4.6. The field of 2—forms
w: b — wy,
on Jim is a 1-st order differential invariant of the action of T on .

Let us calculate w in standard coordinates. Suppose 67 = (x4, ué, u;T)
Then from (10), we get that a horizontal subspace H = { (X?, h;-’TXT)} of

Ap, is described by the equation

7 7 r T

T

We have that (h},) € (T,M @ T; M) ® T, M. From (17) and (20), we obtain
that the natural projection of (h;r) on Im 50 ® Ty, M along gg, ® TyM is
%(h;k + ugh;ﬁkug) From (22), we get that %(h;k + uéhikug) = —%uikug
Therefore 011 ((—%ufﬂkug)) = %(—uiku; + ufﬂ]u};) Thus in standard coor-
dinates . 5
w= §(u;,]uz - uﬁ,kug)% ® (da? A dz™). (23)
Let S be a section of 7. It generates the section j1.5 of the bundle m; by
the formula
j15’:p»—>j115’, Vpe M.
By wl;, s we denote the restriction of w to the image of j1.5. This restriction
can be considered as an invariant vector-valued 2-form on M. From (23),
we get that

7 1 7 T ) r
(Wlji8)jk = Q(Sr,j Sk —Srk57), (24)
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where SjZ = 85;- /0z*. By N we denote the Nijenhuise tensor of the almost—
complex structure S. Recall, see [3], that
ik = 2(Sk, 5] — 85, Sk — Sk Sh+ S5k Sp) - (25)
Theorem 4.7.
N=0 iff wljs=0.

Proof. Let p be an arbitrary point of the domain of S.
Suppose N = (0. Then in a neighborhood of p, there exist local coordinates

xl, ..., 2® so that S(zt,. .., 2%") = <? _OI>, see [5]. Now by (24), we get
that w|;, 5 = 0.

Let w|j, 5 = 0. Check local coordinates in a a neighborhood of p such that

S(p) = <? _OI> This means that

-1 if i+5=2n+1 and ¢<n,
Sji.(p): 1 if i+j=2n+1 and i>n+1,
0 if i+j#2n+1.
It follows from (25) that

i _ i 2n+1—j i
jk(p) = Q(Sk,2n+1fjsj — Qi 2n+l1-k
2n+1—i qi 2n-+1—i qi
= S T S H ST Sang14)
where there is no summation over repeated indexes of the form 2n + 1 — s.

Show that the term 2(S} 5, 1S 7 = 8%, 1 SETIR) of N, (p) is

2n+1—-k
Sk

zero. From (24), we get
. 1 . % , .
(W|j15)§n+1—j 2n+1—k(p) = 5(52,2n+1—j52n+1—k - S;',Qn-l—l—ksgn—&-l—j)
1

_ i In+1—k i 2n41—j
= _§(Sk,2n+1—jsk - Sj,2n+1—k;5j )

We have that either Si”“fk = Sjnﬂ*j or Si"Jrl*k = —S?nﬂ*j, It follows
that the considered term of N;k(p) is equal to i4(w|jlg)én+1_j ont1—k(D)-
This means that this term of N7, (p) is equal to zero.

Show that the last term 2((5]2.7’;“7" — S,%ZH%)S%H%) of N;k (p) is zero.
From (24), we get

(w|j15)jk 2n+1—k,j 2n+1—75,k~j
B 1
2

where there is summation over the repeated index r. Taking into account
(4), we obtain

2n+l=i) = %(SQn—H—i ‘Szn—‘rl—k _ §2nt1-i 52n+1—j)

2n+1—i gr 2n+1—i gr
(S2utizigr — g2nriigr),

1 ) ) 1 ; i
S (SIS, SHIisy) — S (sHis - sirigy)
1

o o 1 ) ) .
= 2(5i2n+1 ZSIZc,j _ Si2n+1 ZS;‘,I@) — _i(SlZc,j _ S;‘,k)szgn—i_l 7
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Therefore S, i~ S; i = 0 for all 4, j, k. It follows that the second considered

term of N;k (p) is equal to zero. O

1]

[9]
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